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Abstract
The baryon spectrum in the Sakai-Sugimoto model in the D4 background with smeared D0
charges is studied. We follow the instanton description of baryons by Hata et al.[Prog. Theor.
Phys. 117, 1157]. The background corresponds to an excited state with nonzero glue condensate
〈tr(Fµν F˜µν)〉 which is proportional to the D0 charge density. The baryon size shrinks when we
turn on small D0 charge density. But for larger D0 charge density where massive modes in the
gauge theory may also take effect, the size of baryons will grow. The difference between baryon
masses will become smaller when D0 charge density increases. There may also be indications
that the baryon will become unstable and cannot exist for sufficiently large D0 density.
1 Introduction
In recent years, with the running of the RHIC, there have been some discussions on the spon-
taneous parity violation in hot QCD. Some proposals were put forward that P - or CP - odd
bubble may be created during the collisions [1, 2, 3]. A metastable state with nonzero QCD
vacuum θ angle or tr(FµνF˜
µν) could be produced in some space-time region in the hot and dense
condition when deconfinement happens. According to the proposal, with the rapid expansion
of the bubble, it cools down and the metastable state freezes inside the bubble[2, 4], returning
to the confinement phase. Then a P - or CP -odd bubble forms and may soon decay into the
true vacuum. Chiral magnetic effect was proposed as a test of this kind of phenomenon [5, 6].
See [7] for a review.
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The state with nonzero tr(FµνF˜
µν) may also play a role in the confinement mechanism. Many
mechanisms were proposed as the possible cause of the confinement. See [8] for a review. Among
these mechanisms, some classical or semiclassical gauge field configurations are important, such
as some topologically nontrivial solutions—monopoles, instantons, and so on. In particular,
there could be field configurations with constant field strength as solutions for the classical
equation of motion or at the minimum of effective potential. Self-dual field strength is studied
in [9, 10, 11, 12], and was proposed to be a mechanism for the confinement [13]. Some of these
solutions come with nonzero tr(Fµν F˜
µν). There can also be domain solutions[9, 14, 15] that
have different field strength pointing in diverse directions in different tiny space-time domains.
By averaging over a larger length scale, some global symmetries, such as Poincare´ symmetry,
are recovered. In our paper, we are interested in the states with only P -parity non-conserved
and the Poicare´ invariance preserved, that is, states with nonzero 〈tr(Fµν F˜µν)〉 and vanishing
〈Fµν〉.
To study the effects of the states with nonzero tr(Fµν F˜
µν), one has to resort to some non-
perturbative methods. String-gauge duality provides a powerful nonperturbative method to
study this kind of phenomena. Adding 〈tr(Fµν F˜µν)〉 condensate to gauge theory was first stud-
ied in N=4 SUSY YM along these lines, and corresponds to adding smeared D(-1) charges
into D3-brane configuration [16, 17]. Temperature and flavors can also be introduced into
the Yang-Mills, and then quark condensates, meson spectra, baryon properties, etc., could be
studied[17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28].
Several other holographic constructions of the QCD-like theory are based on the D4 back-
ground initiated by Witten [29], which corresponds to the five-dimensional gauge theory com-
pactified on a small circle to give a four-dimensional gauge theory. Among others, Sakai and
Sugimoto proposed a promising model, which realizes the spontaneous chiral symmetry breaking
by a geometric construction [30, 31]. In this model, flavors are realized by introducing Nf D8-
branes and Nf anti-D8-branes which combine at the tip of the cigar geometry of the D4 soliton.
This geometry is supposed to describe the spontaneously breaking of the UL(Nf ) × UR(Nf )
symmetry to UV (Nf ) in the four-dimensional theory, which is strengthened by the existence
of the massless Goldstones in the spectrum. The low energy chiral Lagrangian for mesons
can also be derived in this model. Similar to the D(-1)-D3 background, adding condensate
〈tr(Fµν F˜µν)〉 in the S-S model corresponds to adding smeared D0 charges into the D4 back-
ground. The gauge theory in this background is studied in [32, 33]. Putting Sakai-Sugimoto
model (S-S model) into this background allows us to study the hadron phenomena in the nonzero
〈tr(Fµν F˜µν)〉 background. We have already studied the meson spectra and the interactions of
the lowest-lying vector mesons and Goldstones in this background in [34] and found out that
introducing 〈tr(Fµν F˜µν)〉 does not change the property of the spontaneous breaking of the
SUL(Nf )× SUR(Nf ) → SUV (Nf ). In the present paper, we will study the baryon mass spec-
trum in this background. As in [34], to keep the 〈tr(Fµν F˜µν)〉 dependence in the large Nc, we
require it to be of O(Nc) as in [16], κ˜ ∼ 〈tr(Fµν F˜µν)〉/Nc. Baryons can be turned on in the
S-S model by introducing the baryonic D4-branes wrapping the sphere directions, which can
be related to the Skyrmions in the low energy effective theory[30, 36]. This can be realized
as the soliton solutions of the gauge fields on D8[37], and the nucleon interactions can also be
modelled along these lines[38, 39, 40]. In [41], uniform distributed baryon system in the D0-D4
background is studied and the chiral condensate is discussed. We will follow the approach of
[37], and study the κ˜ dependence of the baryon mass spectrum. We will see that there may be
indications that the baryons may not be able to exist with strong κ˜ turned on with massive KK
modes in the gauge theory included.
The structure of this paper is as follows: In section 2, we review the D0-D4 background and
its relation to the gauge field theory following [34]. In section 3, we put the S-S model in this
background and we study the soliton solution of the action at order of λ0. In section 4 we use
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the collective coordinate quantization to obtain the mass spectrum of the baryons and their κ˜
dependence. Section 5 is the conclusion.
2 The D0-D4 background and the corresponding field
theory
In this section, we review the D0-D4 background and its corresponding field theory following
[32].
The solution of D4-branes with smeared D0 charges in type IIA supergravity in Einstein
frame is [32, 33]
ds2 = H
− 3
8
4
(
−H−
7
8
0 f(U)dτ
2 +H
1
8
0
(
(dx0)2 + (dx1)2 + · · ·+ (dx3)2
))
+H
5
8
4 H
1
8
0
(
dU2
f(U)
+ U2dΩ24
)
, (1)
e−Φ = gs
(
H4
H30
)− 1
4
, f2 =
(2πℓs)
7gsN0
ω4V4
1
U4H20
dU ∧ dτ , f4 = (2πℓs)
3Ncgs
ω4
ǫ4 , (2)
where
H4 = 1 +
U3Q4
U3
, H0 = 1 +
U3Q0
U3
, f(U) = 1− U
3
KK
U3
. (3)
U3Q0 =
1
2
(
− U3KK +
√
U6KK +
(
(2π)5ℓ7sgsκ˜Nc
)2)
, (4)
U3Q4 =
1
2
(
− U3KK +
√
U6KK + (2π)
2ℓ6sg
2
sN
2
c
)
. (5)
dΩ4, ǫ4, and ω4 = 8π
2/3 are the line element, the volume form and the volume of a unit S4.
UKK is the coordinate radius of the horizon, and V4 the volume of D4-brane. N0 and Nc are the
numbers of D0- and D4-branes, respectively. D0-branes are smeared in the x0, . . . , x3 directions.
So N0/V4 is the number density of the D0-branes. In order to keep the backreaction of the D0-
brane, we require N0 to be of order Nc as in [16] and define κ˜ = N0/(NcV4) which is O(1) in
the large Nc.
By changing to the string frame, making the double wick rotation and taking the field limit
α′ → 0 with U/α′ and UKK/α′ finite, the metric becomes
ds2 =
(
U
R
)3/2 (
H
1/2
0 (U)ηµνdx
µdxν +H
−1/2
0 (U)f(U)dτ
2
)
+H
1/2
0
(
R
U
)3/2( 1
f(U)
dU2 + U2dΩ24
)
, (6)
and the dilaton
eΦ = gs
(
U
R
)3/4
H
3/4
0 , (7)
where dx2 = −(dx0)2 + (dx1)2 + · · · + (dx3)2 and R3 ≡ πα′3/2gsNc is the limit of U3Q4. In fact,
the metric is a bubble geometry and the space-time ends at U = UKK. To avoid the conical
singularity, the period of τ should be
β =
4π
3
U
−1/2
KK R
3/2b1/2 , b ≡ H0(UKK) (8)
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In the open string description, the low energy excitations on D4-brane are described by a
five-dimensional U(Nc) gauge field theory in the world volume of the D4. By relating the D4-
brane tension and the five-dimensional Yang-Mills coupling constant g5 and compactifying the
five-dimensional theory to four dimensions on the τ direction, we obtain the four-dimensional
Yang-Mills coupling,
g2YM =
g25
β
=
4π2gsℓs
β
, (9)
and b and R3 can then be expressed as
b =
1
2
(1 + (1 + Cβ2)1/2) , C ≡ (2πℓ2s)6λ2κ˜2/U6KK , (10)
R3 =
βλℓ2s
4π
, (11)
where λ = g2YMNc is the ’t Hooft coupling. We can then define a Kaluza-Klein (KK) mass
scale MKK = 2π/β, beyond which the KK modes will come into play in the four-dimensional
gauge theory. Since we have imposed the antiperiodic condition on fermions, the fermions and
scalars are also massive with masses at the KK mass scale. Below MKK, the four-dimensional
low-energy theory is a pure Yang-Mills theory.
From (11) and (8) we have
β =
4πλℓ2s
9UKK
b , MKK =
9
2
UKK
λℓ2sb
. (12)
Since b ≥ 1, UKK ≥ 2λℓ2sMKK/9. From (12) and (10), β can be solved
β =
4πλℓ2s
9UKK
1
1− (2πℓ2s)8
81U8KK
λ4κ˜2
, (13)
and comparing with (12) we have
b =
1
1− (2πℓ2s)8
81U8KK
λ4κ˜2
. (14)
Since b > 0, this gives a constraint for κ˜,
|κ˜| ≤ 9U
4
KK
(2πℓ2s)
4λ2
=
λ2M4KKb
4
93π4
. (15)
If we fix β, λ, from (12), UKK goes the same as b. And together with (14), b and κ˜ can be
related
b8 − b7 = 9
6π8κ˜2
λ4M8KK
= 96π8ξ2 . (16)
For future convenience, we have defined a dimensionless quantity ξ:
ξ ≡ |κ˜|
λ2M4KK
. (17)
Since we fix λ and MKK , variation of κ˜ is equivalent to alteration of ξ. The left-hand side of
(16) is a monotonic function increasing from zero for b ≥ 1. So for each κ˜, there is only one
4
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Figure 1: The relation between b and parameter ξ.
solution of b, going up as κ˜ increases (see Figure 1), and UKK is similar. So the dependence
on κ˜ can be represented as the dependence on b. Since we are interested in the region with
λ≫ 1, if we choose λ ∼ 100 (or 103) and |κ˜| < M4KK in order for massive particles to decouple,
ξ should be within 0 < ξ < 10−4(10−6) and the corresponding b falls in 1 < b < 1.81(1.005).
If we allow for the massive modes to be taken into account, b can be chosen in larger domains:
e.g., for |κ˜| < (2MKK)4, the corresponding domain of b is 1 < b < 3.41 (for λ = 102).
This string theory background actually introduces another free parameter κ˜ into the S-S
model and is not dual to the vacuum state of the gauge theory. The same as in [16], the dual
state may describe some excited state with (a stochastic averaging of) a constant homogeneous
field strength background which gives the expectation value of tr(Fµν F˜
µν)
〈tr(Fµν F˜µν)〉 = 8π2Ncκ˜ . (18)
Since the four-dimensional space-time translation invariance and proper Lorentz invariance are
preserved in the string background solution, we suppose the dual state is a stochastic average
over the background fields in all directions so that the 〈F 〉 is still zero. Obviously the P and CP
invariances are violated. This is just similar to the situation in [16] by H. Liu et al. Unlike the
D(-1)-D3 background used in [16], the background here is not supersymmetric. The self-duality
of the field strength may be related with the supersymmetry. So we cannot say much about the
self-duality of the field strength. This state is not the vacuum state of the gauge theory, since
in the true vacuum state, θ should be zero and there is no 〈tr(FF˜ )〉 condensate (as an abuse of
terminology, we use “condensate” to denote the expectation value of tr(FF˜ ) not only in vacuum
state but also in the excited state). We assume that there could exist such excited states in the
corresponding gauge theory and we are interested in the hadron properties in this kind of states.
Such states were proposed to have some possibilities of being created in the heavy ion collisions
as we stated in the introduction section. In [34], we have put the Sakai-Sugimoto model in this
background and discussed the effects of κ˜ on the properties of the low energy Goldstones and
mesons. In [41], chiral condensate is studied with finite baryon density in this background. In
the next few sections, we will study the κ˜ dependence of the baryon mass spectrum in the S-S
model.
Now we have some independent parameters on the gravity side: R3, U3Q0, UKK and gs, and
ℓs will be cancelled out in the final physical results. We also have some parameters on the gauge
theory side Nc, MKK , λ and κ˜. We have seen that κ˜ can be related to b and we can use b to
represent κ˜. The final results on the gauge theory side can be expressed using Nc, MKK , λ and
b. We collect the relations here:
R3 =
λℓ2s
2MKK
, gs =
λ
2πMKKNcℓs
, UKK =
2
9
MKKλℓ
2
sb . (19)
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0 1 2 3 4(τ) 5(U) 6 7 8 9
D4 - - - - -
D8 - - - - - - - - -
D0 = = = = -
Table 1: The brane configurations: “=” denotes the smeared directions, “-” denotes the world volume
directions.
We fix the gauge theory parameters MKK, Nc and λ, and then vary κ˜ to see the effects in the
hadron physics. This corresponds to fixing the parameters on the gravity side: R3, gs, b/UKK ,
and altering b or UKK.
Similar to the discussion of the D4-soliton background [?] in the S-S model, in [34] we
also discussed the reliability of the background. We simply state the result here: the valid
region of the string theory solution really corresponds to the strong coupling region of the
four-dimensional gauge theory in the ’t Hooft limit.
3 Classical soliton solution
After adding Nf D8-anti-D8 branes into the D0-D4 system, we have introduced Nf flavors
and the chiral symmetry UL(Nf ) × UR(Nf ). The embedding is nontrivial in τ − U direction,
U(τ). The separated D8 and anti-D8 far away combine near the horizon which corresponds
to the spontaneously breaking of UL(Nf ) × UR(Nf ) symmetry to UV (Nf ) in the field theory
and this is verified by the appearance of massless Goldstones[34]. We still choose the antipodal
embedding for simplicity of the discussion. Table 1 illustrates the brane configurations. The
induced metric is
ds2 =
(
U
R
)3/2
H0(U)
−1/2
(
f(U) +
(
R
U
)3 H0(U)
f(U)
U ′2
)
dτ2
+
(
U
R
)3/2
H
1/2
0 (U)ηµνdx
µdxν +H
1/2
0 (U)
(
R
U
)3/2
U2dΩ24 . (20)
U ′ is the derivative with respect to τ . We then make the change of the coordinate U3 =
U3KK + UKKr
2,
y = r cos θ , z = r sin θ. (21)
Then D8 is embedded at y = 0 and on D8 U3 = U3KK + UKKz
2. Now the induced metric
becomes
ds2D8 =H
1/2
0 (U)
(
R
U
)−3/2
dx2 +H
1/2
0 (U)
(
R
U
)3/2
U2dΩ24
+
4
9
(
R
U
)3/2 H0(UKK)
H
1/2
0 (U)
(1− h(r)z2)dz2 (22)
To discuss the baryons spectrum in the S-S model in the D0-D4 background, we adopt the
approach of [37]. The baryon excitations can be viewed as instanton configurations of the gauge
field excitations in the 1, 2, 3, 4, z directions on the D8-branes. By quantizing the collective
coordinates of the instanton, one can obtain the baryon spectrum in presence of κ˜.
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We start with the low energy effective action of the non-Abelian gauge field on the D8-brane.
This action contains two parts: one is from the DBI action
SYM = −T˜U−1KK
∫
d4xdz 2H
1/2
0 (U)tr
[
1
4
R3
U
FµνF
µν +
9
8
U3
UKK
FzµF
zµ
]
(23)
where
T˜ =
(2πα′)2
3gs
T8 ω4 U
3/2
KK R
3/2 =
M2KKλNcb
3/2
486π3
(24)
and the other is from the Chern-Simons terms
SCS =
Nc
24π2
∫
M4×R
ω5(A) , (25)
ω5(A) = tr
(
A ∧ F ∧ F − 1
2
A
3 ∧ F + 1
10
A
5
)
. (26)
The gauge field A and field strength F can be decomposed to a SU(Nf ) part and a U(1) part:
A = Aµdx
µ +Azdx
z = A+
1√
2Nf
Aˆ = AaT a +
1√
2Nf
Aˆ ,
F = dA+ iA ∧A = F + 1√
2Nf
Fˆ . (27)
To simplify the calculation, we make the replacement z → zUKK , Az → Az/UKK , xµ →
xµ/MKK , Aµ → AµMKK to work with dimensionless x, z and Aµ, Az. The Chern-Simons
terms are not affected and the Yang-Mills action changes to
SYM = −T˜M−2KK
9
4b
∫
d4xdz H
1/2
0 (U)tr
[
1
2
UKK
U
FµνF
µν +
U3
U3KK
bFzµF
zµ
]
, (28)
= −aλNcb1/2
∫
d4xdz H
1/2
0 (U)tr
[
1
2
K(z)−1/3FµνF
µν +K(z)bFzµF
zµ
]
, (29)
where a = 1
216π3
, and K(z) = 1 + z2. To use UKK to make z and Az dimensionless is to keep
the coefficient of the second term finite in the ℓs → 0 limit. We can then make another change
of coordinate z → b1/2z, Az → Az/b1/2, to give the standard normalization of the second term:
SYM = −aλNcb
∫
d4xdz H
1/2
0 (U)tr
[
1
2
K(zb1/2)−1/3FµνF
µν +K(zb1/2)FzµF
zµ
]
, (30)
The integrand is different from the original one in [37] by b factors inside K and the overall
factor H
1/2
0 (U).
By the same reasoning as in [37], since we are working in the large λ region, we can make a
1/λ expansion. It is convenient to make another rescaling of the coordinates and AM ,
x0 → x0 , xM → λ−1/2xM
A0(t, x)→ A0(t, x) , AM (t, x)→ λ1/2AM (t, x)
F0M (t, x)→ λ1/2F0M (t, x) , FMN (t, x)→ λFMN (t, x) , (31)
where M,N = 1, 2, 3, z. Expanding the Lagrangian with respect to 1/λ, and keeping terms to
O(λ0), we have
SYM = −aNcb3/2
∫
d4xdz
[
λ
4
(F aMN )
2 − b z
2
2
(
5
12
− 1
4b
)(F aij)
2 +
b z2
4
(1 +
1
b
)(F aiz)
2 − 1
2
(F a0N )
2
+
λ
4
Fˆ 2MN −
b z2
2
(
5
12
− 1
4b
)Fˆ 2ij +
b z2
4
(1 +
1
b
)Fˆ 2iz −
1
2
Fˆ 20N +O(λ
−1)
]
(32)
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with i = 1, 2, 3. For simplicity we are now working with only two flavors, that is Nf = 2. We
have decomposed the gauge field into the SU(2) and U(1) parts as in (27). The Chern-Simons
action can also be decomposed as
SCS =
Nc
24π2
ǫMNPQ
∫
d4xdz[
3
8
Aˆ0tr(FMNFPQ)− 3
2
AˆM tr(∂0ANFPQ)
+
3
4
FˆMN tr(A0FPQ) +
1
16
Aˆ0FˆMN FˆPQ − 1
4
AˆM Fˆ0N FˆPQ + (...)] (33)
The ellipsis denotes some total derivative terms. The EOM for the gauge fields can then be
obtained up to O(λ−1):
DMFMN = 0 , DMF
a
0M +
ǫMNPQ
64π2ab3/2
FˆMNF
a
PQ = 0 (34)
∂M FˆMN = 0 , ∂M Fˆ0M +
ǫMNPQ
128π2ab3/2
F aMNF
a
PQ = 0 (35)
1
2Aˆ0 is coupled to the quark number operator and the instanton number n =
1
32π2 ǫMNPQ
∫
d4xtr(FMNFPQ)
is just the baryon number. The BPST one-instanton solution of the EOM of FMN is equivalent
to the Skyrmion description of a baryon,
AM = −if(ξ)g−1(x)∂Mg(x),
f(ξ) =
ξ2
ξ2 + ρ2
, ξ2 = (~x− ~X)2 + (z − Z)2, g(x) = 1
ξ
((z − Z)− i(~x− ~X) · ~σ) , (36)
where ~σ are the Pauli matrices. The EOM of the U(1) AˆM gives the solution AˆM = 0 up
to a gauge transformation. The equation for A0 then becomes D
2
MA0 = 0. The same as the
argument in [37], the solution with vanishing boundary condition at infinity is given by A0 = 0.
Inserting the BPST solution into the EOM of Aˆ0, we have
−∂2M Aˆ0 +
3ρ4
π2ab3/2(ξ2 + ρ2)4
= 0 (37)
and the solution is
Aˆ0 = − 1
8π2ab3/2
ξ2 + 2ρ2
(ρ2 + ξ2)2
. (38)
Substituting this solution into the action, we obtain the soliton mass from the on-shell action
S = − ∫ dtM :
M = 8π2ab3/2Nc
(
λ+
1
12
(3− b)(2Z2 + ρ2) + 1
320π4ρ2a2b3
+O
( 1
λ
))
(39)
If b < 3, we can find out the minimum of M at ρmin which characterize the size of the baryon:
ρ2min =
1
4π2
√
3
5
1
ab3/2
√
3− b . (40)
Inserting ρmin into M , we have the minimum of the soliton mass,
Mmin = 8π
2ab3/2Nc
(
λ+ 9π
√
3
5
√
3− b
b3/2
+
1
6
(3− b)Z2 +O
( 1
λ
))
. (41)
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Figure 2: The change of the size of the baryon ρmin with respect to b.
From figure (2) we see that the size goes down first as b increases and grows and blow up as
b→ 3. We define bmin = 9/4 at which ρmin is the minimum. At b = 3, the second term of (41)
vanishes and it is obvious that ρmin goes to infinity if we ignore O(1/λ) terms.
However, we have to estimate the region of b for which the 1/λ expansion of the action to
O(λ0) is good. The O(λ0) terms, i.e., the second and the third terms in the bracket in (41),
are monotonically decreasing for 1 < b < 3. So if for b = 1 the O(λ0) term is smaller than λ, it
will be so for all 1 < b < 3. We can estimate the value: at b = 1, for Z = 0, the second term is
9
√
6
5π ≃ 31. So it is enough to choose the λ to be larger than 102 to have O(λ0) terms smaller
than the O(λ) term. From (17) and (16), we have a constraint for ξ and b, ξ < 10−4 for λ = 100
and 1 < b < 1.81 for κ˜ < M4KK if we do not consider massive modes. However, for fixed λ, as
b approaching 3, ρ2min goes to infinity and larger than λ, and the 1/λ expansion may not be a
good approximation at such a large ρ. It is hard to estimate the range b for which the expansion
is good. We will use an operative estimation as follows. The second term which is divergent
for ρ → ∞ in the bracket of (39) comes from the integral of the static BPST solution. So we
could evaluate SYM in (30) using BPST solution numerically at ρmin with Aˆ0 = 0 and compare
it with (32) which is the 1/λ expansion of the same integral. See figure 3 for illustration of the
differences. We can see that near b = 3 the differences become divergent because ρmin → ∞
for b → 3. Since the evaluation of the integration (30) partly takes account of higher order
O(1/λ) contributions, we would expect the difference should be smaller than the O(λ0) terms
in order to have a good approximation. This requirement puts a constraint on the range of b.
For λ ∼ 102, this will give a rough constraint 1 < b < 1.5 which is within the above 1 < b < 1.81.
For λ ∼ 250, this will give a constraint about 1 < b < 1.8. But (17) and (16) give a constraint
1 < b < 1.25. In 1.25 < b < 1.8, we would expect that the massive modes of the gauge theory
come into play. In general, equations (17) and (16) require that the larger λ is, the smaller the
region for b is for κ˜ < M4KK . The above criterion for a good O(λ
0) approximation requires the
opposite, that is, the larger λ is, the larger the region for b is.
Above we consider the expansion of SYM from BPST part to be a good expansion. If we also
include the Aˆ0 contributions, there are some subtleties to be considered. Recall that, in [34]
when we consider the condition that eΦ ≪ 1 which is needed for the suppression of the string
9
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Figure 3: The integral of SYM: the solid line denotes the one not expanded with respected to 1/λ
and the dashed line the one expanded to O(λ0). The left figure is for λ = 100 and the right one for
λ = 250.
loop effects, we need UH0(U)≪ g−4/3s R, and from (19) we have
U
UKK
= (1 + z2b/λ)1/3 ≪ 9π
4/3N
4/3
c
λ2b
. (42)
Though we are working in the large Nc limit and the right hand side of (42) can be arbitrarily
large, to do numerical computation, we have to fix a finite Nc. Then (42) gives a constraint for
the value of z and thus introduces a cut-off of the integration over z. This does not affect the
integral of BPST part since the integral converges quickly such that the variation of limits of
z integration does not change the result too much, as long as the integration limits are large
enough. But since Fˆ 20z ∼ 1/ξ6 for large z and the O(λ−1) term of k(z) is proportional to z2, the
second term in (29) does not have a good convergent property. We have to choose the integration
cut-off of z to have a good 1/λ expansion to O(λ0). So the integration limits cannot be chosen
arbitrarily large. By numerical test, we find out that the choice for the limits of z integration
to be of O(λ/10) is a good one. And this does not change the results in previous paragraph.
We can then look at how large the Nc should be from (42), that is Nc ≫ λ3/2b3/433/2π (1 + z
2b
λ )
1/4. If
we choose λ = 102 and z = λ/10 = 10, Nc ≫ 102 for b ∈ (1, 1.5). For λ ≫ 102 and z ∼ λ/10,
Nc ≫ λ7/4b√270π ∼ 0.02bλ7/4. So Nc should be rather large for the 1/λ expansion to be good.
Now we can see that adding the condensate will cause the baryon to shrink for small κ˜.
From (39) the second term is an attractive potential and the third term is a repulsive one. For
small b near b = 1, the attractive potential [including the b3/2 factor before the bracket in (39) ]
grows while the repulsive one decreases as b increases. So it can be understood that the baryon
size shrinks as b increases. For larger b, the attractive potential also decreases and the repulsive
one decreases more slowly with increasing b. At b > bmin which corresponds to larger κ˜ , we
can always choose λ large enough to make the 1/λ expansion a good approximation to O(λ0).
At such b, the repulsive force will be decreasing more slowly than the attractive force and the
radius will be increasing with b. However, in this case, κ˜ is always greater than M4KK for our
chosen λ > 100, and the massive modes, including fermions, bosons and KK modes from the
five-dimensional gauge theory, may come into play.
4 Quantization of the collective modes and the spec-
trum for baryons
The BPST instanton solution are parametrized by position ~X , Z, size ρ, and together with
the global SU(2) orientation parametrized by three independent SU(2) parameters, aI , (I =
1, 2, 3, 4) with
∑
I a
2
I = 1, they form the moduli space of the one-instanton solution, M =
10
R
4 × R4/Z2. As in [37], we also define yI , I = 1, 2, 3, 4 to combine ρ, aI , with
∑
I y
2
I = ρ
2 and
aI = yI/ρ. The basic idea to study the baryon spectrum in the approach of [37] is to regard
the soliton as a slowly moving particle described by time-dependent collective coordinates. The
motion of the particle can be quantized, and the energy spectrum can be obtained by the
eigenvalues of the Hamiltonian for the collective coordinates.
First, we promote the coordinates to be time dependent: the positions ~X(t), Z(t), the size
ρ(t), SU(2) orientation aI(t), or collectively denoted by X
α = ( ~X(t), Z(t), yI(t)). The SU(2)
gauge field becomes time dependent,
AM (t, x) = V A
cl
M (x,X
α(t))V −1 − iV ∂MV −1. (43)
where AclM (x,X
α) is the BPST instanton solution with ~X, Z, ρ replaced by time-dependent
ones. V (x, t) is a SU(2) 2 × 2 matrix which is asymptotic to a = a4(t) + iaa(t)σa at z → ∞,
where σa, a = 1, 2, 3 are Pauli matrices. The field strength then becomes
FMN = V F
cl
MNV
−1 , F0M = V (X˙
α∂αA
cl
M −DclMφ)V −1 (44)
where Φ = −iV −1V˙ . The dot denotes the derivative with respect to t, i.e., ∂0, and ∂α is the
derivative with respect to collective coordinates Xα. DM is the covariant derivative DM =
∂M + i[A
cl
M , ], using BPST solution A
cl
M . FMN automatically satisfies the EOM of the first
equation in (34). F0M and Fˆ0M have to satisfy the second equations in (34) and (35). By the
analysis in [37], the solution of A0 is the same as in [37] and we would not repeat it here. The
solution of Aˆ0 is just (38) with collective coordinates replaced by the time-dependent ones.
The motion of the collective coordinates can be characterized by the Lagrangian up to
O(1/λ) obtained by substituting the time-dependent solution into (32) and (33):
L =
1
2
mXgαβX˙
αX˙β − U(Xα) (45)
=
1
2
mX ~˙X
2 +
1
2
mZZ˙
2 +
1
2
myy˙I y˙I − U(Xα) (46)
where gαβ is the metric for the instanton moduli ds
2 = gαβdX
αdXβ = d ~X2 + dZ2 + 2dy2I , and
mX = mZ =
1
2my = 8π
2ab3/2Nc. The potential U(X) is the same as (39) except that the
collective coordinates are time dependent. The Hamiltonian can then be obtained:
H = HX +HZ +Hy ,
HX =
1
2
mXX˙
iX˙i + 8π2λab3/2Nc =
1
2mX
P 2X +M0 , (47)
HZ =
1
2
mZZ˙
2 +
4π2
3
ab3/2(3− b)NcZ2 = 1
2mZ
P 2Z +
1
2
mZω
2
ZZ
2 (48)
Hy =
1
2
myy˙I y˙I +
2π2
3
ab3/2(3− b)Ncρ2 + Nc
40π2ab3/2
1
ρ2
=
1
2my
P 2y +
1
2
myω
2
yρ
2 +
Q
ρ2
. (49)
We have defined M0 = 8π
2λab3/2Nc, ωZ =
1
3 (3 − b), ωy = 112 (3 − b) and Q = Nc40π2ab3/2 , and
the momentum PX , PZ , Py follow the standard definition as the conjugate of the collective
coordinates.
We quantize the soliton at rest to obtain the baryon spectrum. The quantization procedure
is to replace the momenta in the Hamiltonian to the corresponding differential operators which
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act on the normalizable wave function describing the motion of the soliton
HZ = − 1
2mZ
∂2
∂Z2
+
1
2
mZω
2
ZZ
2 (50)
Hy = − 1
2my
∂2
∂y2I
+
1
2
myω
2
yρ
2 +
Q
ρ2
. (51)
For the wave function to describe fermions, we need to impose antiperiodic boundary condition:
ψ(−aI) = −ψ(aI). The Hamiltonian is almost the same as the one in [37] only with redefined
mZ , my, ωZ , ωy and Q. So we can use their result directly,
M = M0 + Ey + EZ , M0 =
λNcb
3/2
27π
(52)
Ey = ωy(l˜ + 2nρ + 2) = ωy(
√
(l + 1)2 + 2myQ+ 2nρ + 1)
=
1
2
√
3
√
3− b
(√
(l + 1)2 +
4
5
N2c + 2nρ + 1
)
, (53)
EZ = ωZ(nz +
1
2
) =
1√
3
√
3− b(nz + 1
2
) (54)
where l = 1, 3, 5, . . . , nρ = 0, 1, 2, 3, . . . , and nz = 0, 1, 2, . . . . That l takes odd integers is the
requirement of the antiperiodic boundary condition of the wave function.
Now we have the baryon mass spectrum. However, there is some uncertainty in the formula.
As noted in [37] the O(N0c ) contribution from M0 is ignored which is the same Nc order of the
zero-point energy in (53) and (54). And the contributions to the zero-point energy from the
heavy massive mode excitations around the instanton are also ignored. The sum of these zero-
point energy may give a divergent contribution and need be subtracted by the vacuum energy
to make it finite. These contributions in general will also depend on b. So the b dependence
of M0 together with all the other zero-point energy contributions cannot be estimated at this
stage. If we insisted the large Nc and large λ expansions to be good approximations, the O(N
0
c )
and O(λ0) contribution from the zero-point energy should not be dominant over M0 which
is O(λNc). However, this may not be realistic for Nc = 3 and the real λ. Considering such
uncertainty, what we can do is to discuss the mass difference between baryon excitation states.
From (53) and (54), we can easily separate the b dependence in Ey and EZ :
M =M0 +
√
3− b
2
(
Ey(b = 1) + EZ(b = 1)
)
, ∆M =
√
3− b
2
∆M(b = 1) (55)
So, the difference between two baryon states is proportional to
√
3− b. For 1 < b < 3, the
difference become smaller as b increases and disappears at b = 3. This result is independent of
the specific properties such as spin or isospin of the baryons. However, as discussed in section 3,
the suitable region of b for our method is constrained by the 1/λ approximation. For λ ∼ 100,
only 1 < b < 1.5 could give a good 1/λ approximation to O(1) and in this region κ˜ < M4KK .
The massive modes of the gauge theory decouples. For λ large enough, b can be near 3 with
good 1/λ approximation but κ˜ can be greater than M4KK . So the behavior of M for such large
b has already included the contributions from the massive modes in the gauge theory. If we are
only interested in the contribution of the massless gauge field, we cannot trust the large b region
and cannot say much about the behavior in this region. However, near b = 1, the qualitative
behavior of result above can be trusted.
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5 Conclusion and discussion
We have discussed the baryon spectrum in the S-S model with smeared D0 charge turned on
in the D4-soliton background. The D0-D4 background corresponds to an excited state with κ˜
which is proportional to a nonzero tr(Fµν F˜
µν). The dependence on κ˜ is through a parameter
b, which is monotonically increasing with κ˜. We follow the method in [37], in which the static
baryon is represented by an instanton solution and by quantizing the collective coordinates, one
can obtain the baryon spectrum.
In the classical analysis, for b < 3, the soliton mass has an attractive potential and a
repulsive potential. For small κ˜, the attractive potential grows with κ˜ and the repulsive potential
decreases. This causes the size of the baryon to shrink. For larger κ˜, the massive modes in the
gauge theory may also come into play, and the size of the baryon will grow with κ˜. It may
be possible that as we increase the λ, the upper bound for b goes closer to 3 according to our
criterion, and the radius really grows larger and larger such that the baryon breaks up. In this
case, more and more KK modes come in and may play a role in driving the baryon unstable.
However, our criterion for the 1/λ approximation may not be applicable for b very close to
3. This is because the integration we used in the criterion only counts in parts of the O(1/λ)
contributions, and the other O(1/λ) contributions can be comparably larger than the O(λ0)
terms near b = 3 in (39) in which the O(λ0) terms is exact zero at b = 3 for finite ρ and Z. This
is partly the reason for the divergence of the radius in (40) at b = 3 to O(λ0). In this case, we
cannot say anything near b = 3 in our present approximation. Nevertheless, for b > 3, the O(λ0)
term is negative and nonzero which means a repulsive potential. We can choose large enough λ
so that O(λ0) dominate the higher order terms at finite ρ and Z. Obviously, the baryon cannot
be formed with only repulsive force. So, this also indicates a possibililty that for large enough
λ and b where the massive KK modes contribute, the baryons cannot exist.
In the analysis of the baryon spectrum by quantization of collective coordinates, the zero-
point energy cannot be estimated by the present method. So what we can consider is the
difference between baryon masses. The dependence of the mass difference on the κ˜ is simply√
3−b
2 ∆M(b = 1) and the factor is independent of the spin and isospin. So with κ˜ turned on the
mass difference between baryons will be smaller. For b > 3, the baryon masses become complex
which also indicates that they cannot be stable. This is not surprising since the repulsive
potential in the classical analysis of the previous paragraph is used here in the Scho¨dinger
equation. So, as long as the large λ expansion is applicable for some region in b > 3, we
conclude that the baryons cannot exist in this region. However, at this region κ˜ > M4KK ,
contribution from the massive KK modes of the gauge theory should be counted in. Though
this may not be the property of the low energy QCD, it is a property of the world volume theory
of the D4 compactified on a circle.
As we learned from the study in [34], the mass spectra of the mesons and the interactions
between mesons do depend on κ˜, which means that κ˜ really affects the interactions between
quarks. But this effect is not so drastic as to endanger the stability of mesons there; however, in
the present paper strong κ˜ does destroy baryons. This may be qualitatively explained as follows:
a baryon is formed by Nc quarks while a meson is only formed by a quark-antiquark pair. Since
we are discussing in the large Nc region, a baryon may consist of a large number of quarks. It is
not surprising that the total effect of κ˜ on the interactions among such a large number of quarks
should be much larger than the effect on only one pair of quark and antiquark which forms a
meson, and even large enough to destabilize the baryons. As for the chiral symmetry breaking,
it is characterized by the q¯q condensate, which involves only two quark fields q. So similar to the
meson cases, from the study in [34], κ˜ effect is too small to demolish chiral symmetry breaking.
From a geometric point of view in the S-S model, the spontaneous chiral symmetry breaking is
realized as the merging of the D8-brane and anti-D8-brane. So, as long as this kind of geometry
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is present and it is a valid dual description of the field theory, the spontaneous chiral symmetry
breaking is expected to be there. For the geometry to be valid, b cannot be arbitrarily large
which can be seen from (42) for fixed Nc and λ.
As in most gauge-gravity dual analysis, our analysis is done in the large Nc limit and large
’t Hooft coupling region. Since the baryon spectrum demonstrates the right large Nc behavior
as in [37], we expect that the model also captures the qualitative κ˜ behavior at least for small
κ˜ for QCD-like theory at large Nc with large λ. We have estimated that λ should roughly be
larger than 102, and Nc should also be rather large according to the discussion in section 3. This
also applies to the original discussion on baryons in the S-S model with κ˜ = 0 in [37]. Although
in [37], the authors did compared the result with the experiments with Nc = 3 heuristically, it
should be understood that it is still a long way to the realistic Nc and λ.
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